Connecting to δ, Xiao [7] proves the following result:
(1.2)
In this paper, we first prove the following inequality:
As a consequence, we have the following inequality:
δ(E) + δ(F) ≤ δ(E × F) ≤ δ(E) + Dim(F) ≤ Dim(E × F) ≤ Dim(E) + Dim(F). (1.4)
We also show that the inequality dim(E × F) ≤ dim(E) + δ(F) does not hold.
On the other hand, Haase [8] studies the dimension of product measures and obtains the following result: dim(μ) + dim(ν) ≤ dim(μ × ν) ≤ dim(μ) + Dim(ν) ≤ Dim(μ × ν) ≤ Dim(μ) + Dim(ν).
(1.5)
Using the properties of ᏹ s * , here we prove a new inequality as follows:
(1.6)
Background
Let us first recall some basic properties of Hausdorff measure, Hausdorff dimension, packing measure, packing dimension, Minkowski contents, box dimensions, and modified box dimensions. Let U be a nonempty subset of R n . As usual, one may define the diameter of U as |U| = sup |x − y| : x, y ∈ U . (2.1)
Let E be a subset of R n and s > 0. For δ > 0, define
2)
It is easy to check that Ᏼ where B(x,r) is the closed ball centered at x with radius r. Then the premeasure P s (E) of E is defined as (see Tricot [5] )
It is known that P s (E) is not an outer measure since it fails to be countably subadditive. However, the s-dimensional packing measure of E, which is a Borel regular measure, can be defined as
The packing dimension of E is defined by
If E is a bounded subset in R n , for ε > 0, denote
which is called a closed ε-neighborhood of E. Associating to ε, one may also define the covering number 10) and the packing number
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The s-dimensional upper and lower Minkowski contents of bounded set E are defined by
where ε ↓ 0 and ᏸ n are the Lebesgue measures on R n . Thus we can define the upper and lower box dimensions by
It is known that Minkowski contents are not outer measures as they are not countable subadditive, and the indices Δ,δ are not σ-stable (see, e.g., Tricot [5] , Falconer [1] ). We can obtain σ-stable indices Δ and δ, which are called the modified upper and lower box dimensions, by letting
(2.14)
In [5] , Tricot proves that Dim = Δ, and Falconer [1] shows that for any set E ⊂ R n ,
(2.15)
In order to prove the results in this paper, the following two auxiliary lemmas are needed, which can be found by Mattila in [3, Lemmas 5.4 and 5.5].
n , where a n = ᏸ n (B(0,1)).
The following lemma is from [1, Example 7.8].
For reader's convenience, we give the example as follows. Let 0 = m 0 < m 1 < ··· be a rapidly increasing sequence of integers satisfying a condition to be specified below. Let E be a set of real numbers in [0,1] with zero in the rth decimal place whenever m k + 1 ≤ r ≤ m k+1 with k = 2 , ∈ Z + . Similarly, let F be a set of real numbers with zero in the rth decimal place if m k + 1 ≤ r ≤ m k+1 with k = 2 + 1, ∈ Z + . Looking at the first m k+1 decimal places for even k, there is an obvious cover of E by 10 jk intervals of length 10 −mk+1 , where If 0 < w < 1, then we can write w = x + y, where x ∈ E and y ∈ F; just take the rth decimal digit of w from E if m k + 1 ≤ r ≤ m k+1 and k is odd and from F if k is even. The mapping f : R 2 → R given by f (x, y) = x + y is easily seen to be Lipschitz, so 
The dimensions of product sets
In this section, we give a formula about dimensions of product sets. First let us state a lemma from Bishop and Peres [10, Lemma 2.1].
Lemma 3.1. Let E be a subset of a separable metric space, with δ(E) > α (or Dim(E) > α). Then there is a (relatively closed) nonempty subset
Proof. (i) First we prove the first inequality. Here we modify the proof of Theorem 4.1 in [7] , where E is Borel set and F is compact. It suffices to show that
for any open sets V , W, where
For any ε > 0, we may find bounded {G n } with E α × F β ⊂ n G n , and for any n,
we may take G n to be closed and G n ∩ (E α × F β ) = ∅. By Baire's category theorem, we know that there exist n and an open set U which intersects (ii) Now let us turn to the second inequality. Suppose
the second inequality above follows from the definitions of the upper and lower box dimensions.
(iii) The proof of the third inequality is similar to (i).
(iv) The last one can be referred to Tricot [5, Theorem 3] .
Remark 3.3. (a) One may ask whether dim(E
As a consequence of (2.15) and Theorem 3.2, one has
and their dimensions D, d
It is known that the Minkowski contents are not outer measures since they fail to be countably subadditive. In fact, we may derive this assertion directly from Lemma 2.4. Consider s = 1 and E = Q ∩ [0,1], the set of rational numbers in [0,1]. By Lemma 2.4, we know that
We use a standard procedure and define 
Proof. Let M s be one of M * s and M s * . (i) ᏹ s (∅) = 0 and that ᏹ s is monotone are obvious, so it suffices to verify that ᏹ s is countably subadditive. Suppose that E = i E i , for any ε > 0, there exist bounded sets
so we have 
by the fact that 
(viii) The proof is the same as that of [4, Lemma 5.1(vii)].
Corollary 4.2. For any subset E of R n , 
Proof. The assertion ᏹ s * (E) ≤ ᏹ * s (E) is trivial. We first prove the right-hand inequality, by Lemmas 2.1 and 2.2, for all bounded set B ⊂ R n , The following is the proof of the left-hand side of the inequality. By Lemmas 2.1 and 2.2, we have for any bounded subset 
We complete the proof of the theorem.
From Theorem 4.4 and its proof, we have the following corollary.
Corollary 4.5. For any bounded subset E of R n , one has
Now we can define two fractal dimensions from ᏹ * s and ᏹ s * as follows:
Thus by Theorem 4.4 and Corollary 4.5, we have
In fact, we have the following formulas.
Proof. (1) It suffices to prove D(E) ≥ Dim(E). If Dim(E) > t, E
by the equivalent definition of Dim(E) as follows:
(2) The proof of d(E) ≥ δ(E) is the same as that of (1) .
It suffices to prove δ(E) ≥ d(E). If t > δ(E), then there exist bounded sets
{E i } such that E = i E i and t > sup i δ(E i ) ≥ δ(E i )for any i by the definition of δ as follows:δ(E) = inf sup i δ E i : E ⊂ i E i , E i s are bounded . (4.27) So we have M t * (E i ) = 0 for any i, thus ᏹ t * (E) ≤ ∞ i=1 M t * (E i ) = 0 which implies that d(E) ≤ t, then we have δ(E) ≥ d(E).
The dimensions of product measures
Let μ, ν be Borel probability measures on R n , μ × ν denotes the unique product measure. If α denotes any dimension index for a set, then for a measure μ, the corresponding dimension index α(μ) is defined by
From the above definition, we have
for any Borel probability meausre μ on R n . Haase [8] studies the dimension of product measures in terms of dim and Dim, here we discuss the case in terms of δ and Dim. In this section, we will restrict discussion to R 2 in order to simplify notation, all our results have obvious analogs in higher dimensions.
Suppose that E ⊂ R 2 and let A be a subset of the x-axis. 
For x ∈ A, we have ᏹ t * (E x ) > c, which means that
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Proof. For any ε > 0, there exists a sequence 0 < c 1 < ··· < c n < ··· such that
Theorem 5.3. Let E be a subset in R 2 and let A be any subset of the x-axis. Suppose that if 
by the continuity of the measure ᏼ s . Let us first prove that
By the definitions of P s and ᏼ s , we have
for all r > 0 and δ ≤ δ(ε), so P s r (A δ ) > ᏼ s (A) − ε holds for r < δ ≤ δ(ε), thus there exists a family of disjoint closed intervals {I i } centered at A δ and |I i | ≤ 2r for all i, say I i has the center
For each x i ∈ A δ ,|I i |/2 ≤ r < δ, so we have 
(5.17)
It follows that Now we are in a position to prove the following inequality.
Theorem 5.6. For Borel probability measures μ,ν on R 2 , one has the following inequality: (iii) By Lemma 5.5, the proof of the third inequality is similar to that of [8, Lemma 7] .
(iv) The last inequality is similar to that of [8, Lemma 3] .
Remark 5.7. By a result of Tricot [5] , we know that Dim = Δ. Therefore, the conclusion of Theorem 5.6 can be rewritten as
